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Abstract 

We consider self-duality equation of U(l) gauge fields on Euclidean AdS& 
space, and find a simple finite action solution. With a suitable ansatz, we are 
able to embed this solution into the lOd supergravity background of AdS^ x 
CP 3 . Further, we show that the solution can be uplifted to an exact solution 
in lid supergravity background of AdS^ x SEj. In the context of ABJM 
model, we also discuss the coupling to the boundary conserved currents. 



1 Introduction 



Instantons have played an important role in understanding the nonperturbative 
effects in quantum field theories and string theory. AdS/CFT correspondence [1], 
on the other hand, has provided a new perspective on instantons in terms of D-brane 
solutions in string theory. In particular, Yang-Mills instantons have been identified 
with D(-l)-brane solutions in type IIB supergravity. Following this identification, it 
has been possible to trace over the corresponding nonperturbative effects on both 
sides of the duality, and hence testing the AdS/CFT duality beyond the perturbative 
level [2, 3]. 

The AdS/CFT correspondence has further been generalized by Aharony, 
Bergman, Jafferis, and Maldacena (ABJM) to M-theory (and type IIA theory upon 
compactification) [4]. Therefore, to investigate the nonperturbative characteristics 
of this duality, it is important to look for some exact D-brane solutions in the corre- 
sponding supergravity backgrounds, and try to identify the dual instantons on the 
boundary Chern-Simons theory. Recently, we succeeded in constructing such dual 
instanton configurations in the antimembranes theory ignoring the backreaction on 
the metric. This construction further led us to propose that the antimembranes 
boundary theory is related to the ABJM model by swapping the s and c representa- 
tions of the 5*0(8) global symmetry [5]. In the present paper, however, we provide 
the first examples of exact solutions on AdS 4 x CP 3 , and AdS 4 x SE 7 for the type 
IIA and M-theory backgrounds, respectively. 

We start with the self-duality equation on AdS 4 space, and find a solution which 
has a finite action. Because of the self-duality, the energy-momentum tensor of this 
solution vanishes and hence there will be no backreaction on the metric. This implies 
that we have in fact an exact solution to the equations of motion coming from the 
Maxwell-Einstein action. In Sec. 3, we provide an ansatz for a system of D0-D2 
brane configuration and discuss how the self-dual gauge fields can be embedded 
into an exact solution of lOd supergravity on AdS 4 x CP 3 . As in four dimensions, 
the energy-momentum tensor of individual branes along AdS 4 vanishes, whereas 
the components along CP 3 add up to zero. Hence the background metric will not 
change in the presence of branes (fluxes). In Sec. 4, we use the consistent truncation 
of [6] to uplift our 4-dimensional solution to an exact solution on AdS 4 x SEj. We 
will see explicitly how this comes about by looking at the reduced four-dimensional 
equations. In Sec. 5, we discuss the coupling to the boundary operators. We 
will determine the dual operators by examining the symmetry properties of the 
supergravity ansatzs under the isometry group of the metric. 
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2 U(l) Instantons on AdS^ 



To discuss the self-dual gauge fields on Euclidean AdS^ 1 we use the Poincare coor- 
dinates for the metric: 

ds 2 = -j^(dp 2 + dx\ + dx\ + dx\) , (1) 

which reflects the conformal flatness of the metric. On the other hand, the (anti)self- 
duality condition is invariant under the conformal transformations of the metric, so 
on AdS± we can write 

F =—^-e F pa = --f (jrt(j av F<: (2) 

just as on flat R 4 . 

To find a solution, we make the following ansatz for the U{1) gauge field A^. 
A 1 =x 2 h(r,p), A 2 = -X!h(r, p) , A 3 = g(r, p) , A 4 = -x 3 h(r, p) , (3) 



where r = y x\ + x\ + x 3 . Note that this ansatz respects the 5*0(3) symmetry 
along the 3-dimensional space orthogonal to the radial direction. It also resembles 
an ansatz used in [8] for solving the noncommutative U(l) instanton equation on 
R 4 . For the field strengths we get 

h! h! 

F 12 = -2h {xl+x 2 2 ), F u = -h x\-g 

r r 

1 , , -h! 

F 23 = -(g'x 2 + h'xixz) , F M = xix 3 - x 2 h 

r r 

h' ; h! g' 
F 2A = x 2 x 3 + Xih, F 31 = —x 2 x 3 Xi , 

ry ry ry 

where prime and dot indicate the differentiation with respect to r and p, respectively. 
Now let us impose the self-duality conditions. From F 12 = — F 34 we obtain 

Sh-rh' = g, (4) 

or 



while F 23 = — F 14 , or F 24 = — F 31 yield 



h=~- (6) 



1 /7(1) instantons on AdS^ have also been discussed in [7]. Here, however, we take a different 
approach. 
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Taking the derivative of the above equation with respect to p and using (5), we have 

d 



rdr 



r 2 dr ^ ^ 



d 2 h 



Let us further make an assumption that h depends on r and p through z = 
(p + Po) 2 + r 2 , i.e., 

h = h(z) = h((p + p ) 2 + r 2 ). (8) 
Plugging this ansatz into (7), we get 

d 2 h dh 

which has the simple solution of 

h(r.P)-C 1+ [{/> + ^ + rr . (10) 

Note that with p ^ we will have a smooth solution. Actually here lies the 
difference with the U(l) instantons on flat R 4 , where there is no way to avoid 
singularities of the solution. Furthermore, as we will see presently, with p m (10) 
the action turns out to be finite. Let us further set C\ = 0, then we can write 

9(r,p) = (p + p )h(r,p) , (11) 

which satisfies both (4) and (6). The full moduli of the solution can be seen by 
writing as 

Ai = (x 2 - x° 2 )h(r, p), A 2 = -(xi - x\)h(r, p) , 

A 3 = (p + p ) h{r, p) , A 4 = -(x 3 - x° 3 )h(r, p) , (12) 

now with r 2 = (x 1 — x\) 2 + (x 2 — x 2 ) 2 + (x 3 — x®) 2 , and hence 

C 2 

^ P) = Kp + Po) 2 + (^i - 4) 2 + (x 2 - x° 2 ) 2 + (x 3 - xlf} 2 ■ (13) 
So we have (12) as our solution of the self-duality equation on AdS 4 . 

2.1 The Boundary Term 

To complete our discussion, let us look at the variation of the action in the presence 
of a boundary. This proves to be useful in our study of the coupling to the boundary 
operators of the dual CFT. For the variation of the Maxwell action we have 

5S = i| d 4 xF, u 5F^ 

= -J d 4 x5A v (d^ y )+ J d^xd^SAvF^) 

= -J d 4 x5A„(d^)- (SAF'%^, (14) 
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here ... = 1,2,3, indicate the boundary tangent indices, and p is the radial 
direction so that the boundary is at p = 0. So for having the equation of motion 
in the bulk, on the boundary we have to have either 5Ai = (Dirichlet boundary 
condition) or F pi = (Neumann boundary condition). However, neither of these 
boundary conditions are consistent with self-duality condition (2) in the bulk. For 
this to happen, we deform the Maxwell action as follows: 



S=\j d 4 x F, U F^ - 1 J d?x e ijk A i F jk , 



so that the variation of the action now reads 
5S 



= -J d 4 x5A u (d,F^) - 5A t (F pi + ± €ijk Fi% =0 . 
Now, on the boundary we can demand 



(15) 



(16) 



(17) 



which is also consistent with the self-duality condition in the bulk. This is a sort of 
mixed boundary condition as it relates the electric field to the gauge invariant part 
of the gauge potential. 



2.2 The Action 

With our ansatz (3), we can compute the action of instantons on AdS 4 : 
S = \j \/gd A xF, v F^ = - l -j d 4 xe^ pa F^F^ 
= ~j d 4 x (F 12 F 34 + F 23 F 14 + F 24 F 31 ) 



= \ I <l l .r 



4:h 2 +(xj+X 2 2 )(h' 2 + h 2 + 



Ahh\ 



—An r 2 drdp 



2h 2 +'-{ti 2 + h 2 + 



Ahh' 



where in the last line we have performed the integral over 9 and 0. Using solution 
(10), with C\ = 0, results in 



S = 8nCl 



r 2 drdp 



7T 2 C 2 



dp 



k 2 C 2 



(18) 



' 2 J [(p + p ) 2 + r 2 ] 4 2 Jo 2(p + p ) 5 IGpt 

If p is going to be a modulus of the solution, we need to choose C 2 ~ p\. This makes 
S independent of p , and gives A p the right dimension of one. We have therefore 
obtained a finite action solution of equations of motion, i.e., a U(l) instanton in 
AdS 4 . Moreover, being self-dual, the solution has a vanishing energy-momentum 
tensor and hence it provides an exact solution to the Maxwell-Einstein equations in 
four dimensions. 
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3 Uplift to lOd Type IIA Supergravity Solutions 



In this section we will see how the self-dual gauge fields can be embedded into a 
solution of type IIA supergravity. In fact, our construction of U(l) instantons on 
AdS 4 in the previous section was motivated by our search for an exact type IIA 
solution on AdS 4 x CP 3 background. 

To begin the discussion, let us recall the Euclidean action of type IIA supergravity 
in the string frame 

Sua = ^2 / ' d w xe~ 2(t> ^ R+ ^ J ' (e^* (4d<f> A *d<f> - ±H A *H) 

1 1 ~ ~ % \ 

— F 2 A *F 2 - -F 4 A *F 4 + -B A F 4 A FA . (19) 

Zi Z Z J 

For the field equations we have 

dF 4 = -F 2 A H , d*F 4 = -F 4 AH, dH = , dF 2 = , 

d * {e~ 2<p H) = -F 2 A *F A — % -F 4 A F 4 , d*F 2 = H A *F 4 , 

z 

1 1 * 

d * d(p - d(f) A *d(j) - -H A *H + R e 4 AJ = , 
F 4 = F 4 — Ai A H . (20) 
With the Euclidean signature, we have the following background solution 2 



R 3 1 

ds 2 = -^(^ds 2 AdSi + ds 2 CpA ), 



e 2 * = ^r, F 4 = -|i? 3 e 4 , F 2 = 2k J , (21) 
k A 8 

where J is the Kahler form on CP 3 . 

Having had the background solution (21), we would like to look for a new solution 
on this background, i.e., a D-instanton. So to proceed, let us make the following 
ansatz: 

3i 

F 2 = 2kJ + F, F 4 = -—R 3 e 4 + iaJAF , H = 0, (22) 

8 

with a a constant parameter, and F a 2-form in AdS 4 . The extra terms in F 2 and 
F 4 can be thought to be sourced by a DO-brane and D2-brane, respectively. 
Setting H = 0, the field equations (20) now read 

dF 4 = , d * F 4 = , dF 2 = 0, d * F 2 = , 

= d * (e'^H) = -F 2 A *F 4 - -F 4 A F 4 . (23) 

z 

As we will discuss in the following, the extra terms in our ansatz (22) will have no 
backreaction on the metric so that the background dilaton continues to satisfy the 



2 We have explicitly checked for the factor of 2 in F 2 . 
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field equations. If we choose F to be a self-dual 2- form in AdS 4 , the field equations 
of F 2 and F 4 are obviously satisfied. What about the last equation in (23)? Let us 
expand the right hand side of this equation: 3 



F 2 A *F 4 + -F 4 A F 4 = 

(3? \ i op 1 

-— i? 3 e 4 + ia JAFj - —FA FA J 2 



= (2k J + F) A y 
= iaR 3 * 4 FA J 3 



— — J 3 + — J 2 A * 4 F F A FA J 

fc 2 / 2 



A: 



-FAJ + 



— FA* 4 FAJ 2 FA FAJ 2 . 24 

2A; 2 v ; 



Hence, for (24) to vanish we must have 

F = * 4 F, 

and 



k 



(25) 



(26) 



The nice thing about ansatz (22) is that the indices of F and JAF do not contract 
with those of the background fields. So in discussing the energy-momentum tensors, 
we need only to be concerned with the contributions of the these terms. Further, 
with F a self-dual 2-form the energy-momentum tensor along AdS 4 vanishes. Let 
/i, v, . . . and a,(3, . . . indicate the tangent indices on AdS 4 and CP 3 , respectively, 
then we have 

1 r 1 i 

= (27) 



ryFi — 

iiv 2 - 2! 



as F is self-dual. For Fa we have 



t f 4 

1 flU 



'2~irW [ 4 ' 3F ^ F ^ ~ \ - Q 9,uF vpa ,F^ 
~ [4F W F/ - g^F vp F™\ IJ^T* 
3 



2F fip F l/ p ^g iliV F r)P F r,p 







(28) 



If we use the complex coordinate on CP 3 , for the energy- momentum tensor of 
F 2 along CP 3 we have 

-l^gaBW" (29) 



rpF-2 

1 a/3 



8 k 



ij 2 , and 



3 Note that e 4 = vol{AdS A ) , vol(CP 3 ) = ± J A J A J = ± J 3 , * 6 J = \ J A J 
J A J 3 = . We use * 4 and *6 to indicate the Hodge star operation with respect to the metrics of 
AdSi and CP 3 , respectively. 
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whereas, for F 4 it reads 



rpFi 

1 a/3 



1 a 2 k 
"2-4! i? 3 
lit* 
8T 



4 • 3FppF^^ J a ryJ p 



6g a sF VP F^r 



where we used 

Therefore we conclude that 



7 _ T<*P _ q 



T 



F 2 



0. 



(30) 



(31) 



(32) 



So we have showed that with ansatz (22) the energy-momentum tensor of D0-D2 
brane configuration vanishes and there will be no backreaction on the background 
metric, i.e., the Einstein equations are the same as before. Also note that the 
dilaton has its original value of e 2 ^ = R 3 /k 3 . In conclusion, we have obtained an 
exact solution of the form (22) with F a self-dual gauge field explicitly constructed 
in Sec. 2. 



4 Uplift to lid Supergravity Solutions 

The U(l) instanton that we found in Sec. 2, can further be uplifted to an exact 
solution in lid supergravity. Fortunately, the consistent truncation of lid super- 
gravity to four dimensions of [6] makes this uplift much simpler, and in fact it is 
more general than our discussion in the previous section. To begin with, consider 
the following ansatz for the metric of lid supergravity 

ds 2 = ds\ + e 2U ds 2 KEe + e 2V (7] + Ai) <g) (77 + A x ) , (33) 

where ds 2 is an arbitrary metric on a 4d spacetime, and ds 2 KEf , is the metric of a 6d 
Kahler-Einstein space. U and V are scalar fields and A 1 is a one-form defined on 
the four-dimensional space. If we set U — V — A\ — 0, then the the last two factors 
of the metric constitute the Sasaki-Einstein metric 

ds 2 SEr = ds 2 KEe +r]®r], (34) 

where 77 is the globally defined one-form dual to the Reeb Killing vector. On a 
Sasaki-Einstein manifold one can globally define a 2-form J and a holomorphic 3- 
form so that 

dr] = 2J, dtt = 4iriAtt. (35) 
The 4-form F 4 is taken to be 

F 4 = /V0I4 + H 3 A(r] + Ai) + H 2 AJ + HiAJA(r] + Ai) 

+ 2hJAJ+V3[xiAQ + x{v + A 1 )^ + c.c.}, (36) 
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where / and h are real scalars, H p , p = 1,2,3, are real p-forms, Xi is a complex 
one-form, and x is a complex scalar on the four-dimensional spacetime. With the 
ansatzs (33) and (36), the 11-dimensional supergravity field equations all reduce 
to 4-dimensional equations, so that any solution to the reduced equations can be 
lifted to an 11-dimensional supergravity solution. These 4-dimensional equations 
are given in [6]. 

Now, as mentioned in that paper one can further consistently truncate by setting 
U = V = h = x = H 3 = H 1 = 0. Equations (B.9) to (B.ll) of [6], when adapted to 
Euclidean signature, reduce to 

-fF + Q* 4 H = 0, 
d * 4 H = , 

* 4 HAF + iHAH = , (37) 

with F = dA ± , H = H 2 , and dH = 0. Equations (B.19), (B.20), and (B.22) reduce 
to 

113 1 
Rfiu = -g^vf + -F W F U P + - (H^H/ - -g^HpvH^) , 

d * 4 F = , 

Fp V F^ v + Hp V H^ = . (38) 

The last eqs. of (37) and (38) are satisfied if we set 

H = i* 4 F, (39) 

from which d * 4 H = and d * 4 F = are followed by the Bianchi identities for F 
and if 2, respectively. The first equation in (37) then implies f = 6i. We are then 
left with the first equation in (38): 

13 1 
R/iu = -^9iiu + -^Fp P F u p + -(HppHf - -gp V H pa H pa ) 

= ~12 9 p U + 2(Fp P F/ - - A gp V F pa Fn , (40) 



where we have used 



H^pHJ 3 FppF v p g^F p(7 F p , (41) 



implied by (39). 

As a final step, let us set 

F = * 4 F, (42) 

for which the second term in (40) (i.e., the energy-momentum tensor of F) vanishes, 
and hence equation (40) is solved when the metric is that of Euclidean AdS 4 . 
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5 Coupling to the Boundary Operators 



The supergravity backgrounds we have considered so far appear in the ABJM model, 
where a concrete CFT dual has been proposed. In this model a Chern-Simons-matter 
theory describes the low energy dynamics of N M2-branes at the tip of the orbifold 
C 4 /Z fc . This theory is in turn conjectured to be dual to M-theory on AdS^ x S 7 /Z fe , 
with k the level of the Chern-Simons term in the gauge theory side. For large k 
(k 5 » N), the dual theory is better described in terms of type IIA string theory 
on AdS^ x CP 3 [4]. In this set up, we would now like to examine the effect on the 
boundary of turning on the gauge fields in the bulk. 

According to the standard prescription of AdS/CFT, the boundary value of a 
bulk mode acts as a source for the dual operator on the boundary theory [9]. In 
particular, the boundary value of a gauge field couples to a dimension 2 conserved 
current Ji through 

' d^xAif. (43) 



This is the case when we are imposing Dirichlet boundary conditions. For Neu- 
mann boundary conditions, on the other hand, the electric field is held fixed on 
the boundary and thus couples to gauge fields which are the boundary value of the 
dynamical bulk gauge field. In fact, Neumann boundary conditions are related to 
Dirichlet boundary conditions through the action of SL(2, Z) duality in the bulk. 
The generator S of this group acts through 

(44) 

so in terms of the transformed gauge fields, Dirichlet boundary condition of B = 
corresponds in terms of original gauge fields to Neumann boundary condition of 
E = [10]. The mixed boundary condition in (17), however, can be realized by the 
application of ST. Let T denote the second generator of SL(2, Z) 






so that ST acts through 




(46) 



— * 

we see that the Dirichlet condition (B = 0) of the transformed gauge fields corre- 
sponds in terms of the original gauge fields to the mixed boundary condition 

E + B = , (47) 
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which is the same boundary condition as (17). The above ST operation of SL(2, Z) 
on the bulk gauge fields translates on the boundary to the following change of the 
Dirichlet coupling: 

J cPxAiJ* -> J d 3 x (^AiJ 1 + l-j^CidjAk + ^e^AidjA^j . (48) 

The last term is the effect of T operation, whereas S operation introduces a dual 
background gauge field Cj and couples it to the conserved current e ljk djA k and then 
promotes Ax to a dynamical field [10]. 

So far, we have determined boundary coupling (48) which is induced by the bulk 
self-dual gauge fields. The coupling, however, depends on the current J which we 
are going to discuss next. In the ABJM model, a U(N) x U(N) Chern-Simons- 
matter theory describes the dynamics on the boundary. Let A; L and A { indicate 
the corresponding gauge fields of the U(N) factors. The matter content consists of 
bosonic fields Y A , and fermionic fields ipA transforming in the 4 and 4 representa- 
tions of the SU(4) global symmetry, respectively. The global symmetry is in fact 
517(4) x U(l) b , which is enhanced to 50(8) for k = 1,2. Further, for the U(l) parts, 
let Af = tr (A,i ± Aj), the matter field then couples only to A~ , whereas A + appears 
in the action through 

^ J t ljk A~F+ k . (49) 
Hence, apart from U(l)b symmetry, which is generated by 

Ji = itr (yj DiY A - Y A DiY}) (50) 

there is a further global symmetry associated to the shift symmetry of A + which is 
generated by the current J = *F + . So, altogether, we can identify two global U(l) 
symmetries in the theory. 

Let us then see to which bulk gauge excitations these currents could couple. A 
look back at ansatzs (33) and (36) shows that they are only invariant under SU (4) x 
£7(1) subgroup of 5*0(8) isometry group (the global symmetry when k = 1,2). So, 
the excitations must couple to Jj, which is also invariant under SU(4) x U(l) but 
not the full 50(8) symmetry group. Notice that J, is invariant under 50(8), so it 
cannot couple to the bulk gauge field excitations we considered in this paper. 
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1 Introduction 



Instantons have played an important role in understanding the nonperturbative ef- 
fects in quantum field theories as well as string theory. AdS/CFT correspondence 
[1], on the other hand, has provided a new perspective on instantons in terms of 
D-brane solutions in string theory. In particular, Yang-Mills instantons have been 
identified with D(-l)-brane solutions in type IIB supergravity. Following this identi- 
fication, it has been possible to trace over the corresponding nonperturbative effects 
on both sides of the duality, and hence testing the AdS/CFT duality beyond the 
perturbative level [2, 3]. 

The AdS/CFT correspondence has further been generalized by Aharony, 
Bergman, Jafferis, and Maldacena (ABJM) to M-theory (and type IIA theory upon 
compactification) [4]. Therefore, to investigate the nonperturbative characteristics 
of this duality, it is important to look for some exact D-brane solutions in the cor- 
responding supergravity backgrounds, and try to identify the dual instantons on 
the boundary Chern-Simons theory. The first steps in a nonperturbative study of 
ABJM model was taken in [5]. Recently, we succeeded in constructing such dual 
instanton configurations in the antimembranes theory ignoring the backreaction on 
the metric. This construction further led us to propose that the antimembranes 
boundary theory is related to the ABJM model by swapping the s and c represen- 
tations of the 5*0(8) global symmetry [6]. This line of study was further followed 
to construct supergravity monopole solutions in [7]. In the present paper, however, 
we provide the first examples of exact solutions on AdS^ x CP 3 , and AdS^ x SE-j 
for the type IIA and M-theory backgrounds, respectively. We will see that our con- 
struction of D0-D2 brane configuration closely parallels that of D-instantons in type 
IIB supergravity. 

We start with the self-duality equation on AdS& space, and find a solution which 
has a finite action. Because of the self-duality, the energy-momentum tensor of this 
solution vanishes and hence there will be no backreaction on the metric. This implies 
that we have in fact an exact solution to the equations of motion coming from the 
Maxwell-Einstein action. In Sec. 3, we provide an ansatz for a system of D0-D2 
brane configuration and discuss how the self-dual gauge fields can be embedded 
into an exact solution of lOd supergravity on AdS^ x CP 3 . As in four dimensions, 
the energy-momentum tensor of individual branes along AdS± vanishes, whereas 
the components along CP 3 add up to zero. Hence the background metric will not 
change in the presence of branes (fluxes). In Sec. 4, we use the consistent truncation 
of [8] to uplift our 4-dimensional solution to an exact solution on AdS± x SE 7 . We 
will see explicitly how this comes about by looking at the reduced four-dimensional 
equations. 
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2 U(l) Instantons on AdS^ 



To discuss the self-dual gauge fields on Euclidean AdS^ 2 we use the Poincare coor- 
dinates for the metric: 

ds 2 = -j^(dp 2 + dx\ + dx\ + dx\) , (1) 

which reflects the conformal flatness of the metric. On the other hand, the (anti)self- 
duality condition is invariant under the conformal transformations of the metric, so 
on AdS^ we can write 

F =-^-e TTP° = -\ f A^A CTT 'F C (2) 

just as on flat R 4 . 

To find a solution, we make the following ansatz for the U{1) gauge field A^. 
A 1 =x 2 h(r,p), A 2 = -X!h(r, p) , A 3 = g(r, p) , A 4 = -x 3 h(r, p) , (3) 



where r = y x\ + x\ + rcg . Note that this ansatz respects the 5*0(3) symmetry 
along the 3-dimensional space orthogonal to the radial direction. It also resembles 
an ansatz used in [11] for solving the noncommutative U(l) instanton equation on 
R 4 . For the field strengths we get 

h! h! 

F 12 = -2h {xl+x 2 2 ), F u = -h x\-g 

r r 

1 , , -h! 

F 23 = -(g'x 2 + h'xixz) , F M = xix 3 - x 2 h 

r r 

h' ; h! g' 
F 2A = x 2 x 3 + Xih, F 31 = —x 2 x 3 Xi , 

ry ry ry 

where prime and dot indicate the differentiation with respect to r and p, respectively. 
Now let us impose the self-duality conditions. From F 12 = — F 34 we obtain 

Sh-rh' = g, (4) 

or 



while F 23 = — F 14 , or F 24 = — F 31 yield 



h=~- (6) 



2 C/(1) instantons on AdS^ have also been discussed in [9]. Here, however, we take a different 
approach. For Yang-Mills instantons on AdS^ see [10]. 
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Taking the derivative of the above equation with respect to p and using (5), we have 

d 



rdr 



7^ 



d 2 h 



Let us further make an assumption that h depends on r and p through z = 
(p + Po) 2 + r 2 , i.e., 

h = h(z) = h((p + p ) 2 + r 2 ). (8) 
Plugging this ansatz into (7), we get 

d 2 h dh 

which has the simple solution of 

Kr,p) = C 1 + WT ^^. (10) 

Note that with po > we will have a smooth solution (note that p G [0, oo)). 
Actually here lies the difference with the U(l) instantons on flat R 4 , where there is 
no way to avoid singularities of the solution. Furthermore, as we will see presently, 
with p in (10) the action turns out to be finite. Let us further set C\ = 0, then we 
can write 

9(r,p) = (p + po)h(r,p) , (11) 

which satisfies both (4) and (6). The full moduli of the solution can be seen by 
writing as 

Ai = (x 2 - x° 2 )h(r, p), A 2 = -(xi - x\)h(r, p) , 

A 3 = (p + p ) h(r, p) , A A = -(x 3 - x%)h(r, p) , (12) 

now with r 2 = (xi — x\) 2 + (x 2 — x®) 2 + (rr 3 — x^) 2 , and hence 

C 2 

P) = Kp + Po) 2 + (x 1 - xW + (x 2 - x\) 2 + (x~ 3 - xl) 2 } 2 • (13) 
So we have (12) as our solution of the self-duality equation on AdS^. 

2.1 The Boundary Term 

To complete our discussion, let us look at the variation of the action in the presence 
of a boundary. This proves to be useful when we are concerned with the coupling 
to the boundary operators of the dual CFT. For the variation of the Maxwell action 
we have 

5S = 1| d 4 xF, v 5F^ 

= -J d 4 x5A v (d^ y )+ J d^xd^SAvF^) 

= -J d 4 x5A„(d^)- (SAF'%^, (14) 
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here = 1,2,3, indicate the boundary tangent indices, and p is the radial 

direction so that the boundary is at p = 0. So for having the equation of motion 
in the bulk, on the boundary we have to have either 5Ai = (Dirichlet boundary 
condition) or F pi = (Neumann boundary condition). It is clear that we can always 
impose the Dirichlet boundary condition, however, Neumann boundary condition is 
not consistent with self-duality condition (2) in the bulk. For this to happen, we 
deform the Maxwell action as follows: 

S=\J d A x F^F^ ~\jd 3 x e ijk A l F ik , (15) 

so that the variation of the action now reads 

8S = -J d A x5A u (d,F^) - 5A t {F pi + ^ €ijk F^)\ p=0 . (16) 

Now, on the boundary we can demand 

F ( * = -^e ijk F* (17) 

which is also consistent with the self-duality condition in the bulk. This is a sort of 
mixed boundary condition as it relates the electric field to the gauge invariant part 
of the gauge potential. More general boundary conditions have been discussed in 
[9]. 



2.2 The Action 

With our ansatz (3), we can compute the action of instantons on AdS\\ 
S 



\j \Tgd'xF, v F^ = - l -J d 

Ah 2 + (x 2 + x 2 2 )(ti 2 + h 2 



d X 



Ahh\ 



—An r 2 drdp 



2h 2 + '-{ti 2 + h 2 + 



Ahh' 



where in the last line we have performed the integral over 6 and 0. Using solution 
(10), with C\ = 0, results in 



2 r r 2 drdp 
" C2 J [( P + Po ) 2 + r^ 



tt 2 C 2 



dp 



7T 2 C 2 



2 Jo 2(p + p ) 5 I6pt 



(18) 



If p is going to be a modulus of the solution, we need to choose C 2 ~ p\. This makes 
S independent of po, and gives A^ the right dimension of one. We have therefore 
obtained a finite action solution of equations of motion, i.e., a U(l) instanton in 
AdS±. Moreover, being self-dual, the solution has a vanishing energy-momentum 
tensor and hence it provides an exact solution to the Maxwell-Einstein equations in 
four dimensions. 



4 



3 Uplift to lOd Type IIA Supergravity Solutions 



In this section we will see how the self-dual gauge fields can be embedded into a 
solution of type IIA supergravity. In fact, our construction of U(l) instantons on 
AdS 4 in the previous section was motivated by our search for an exact type IIA 
solution on AdS 4 x CP 3 background. 

To begin the discussion, let us recall the Euclidean action of type IIA supergravity 
in the string frame 

Sua = ^2 / ' d w xe~ 2(t> ^ R+ ^ J ' (e^* (4d<f> A *d<f> - ±H A *H) 

-\f 2 A *F 2 - l -h A *F 4 - l -B A F 4 A F 4 ) . (19) 

For the field equations we have 

dF 4 = —F 2 A H , d*F 4 = -F 4 A H , dH = , dF 2 = , 
d * {e- 2<t> H) = -F 2 A *F 4 + % -F 4 A F 4 , d * F 2 = H A *F 4 , 

1 1 * 

d * d(p - d(p A *d(j) - -H A *H + R e 4 AJ = , 
F 4 = F 4 — Ai A H . (20) 
With the Euclidean signature, we have the following skew- whiffed background solution 3 

R 3 1 

ds 2 = -^(^ds 2 AdSi + ds 2 Cp3 ), 

e 2 ^ = ^, F 4 = |i? 3 e 4 , F 2 = 2A;J, (21) 
k 6 8 

where e 4 indicates the volume form of AdS 4 , and J is the Kahler form on CP 3 . 

Having had the background solution (21), we would like to look for a new solution 
on this background, i.e., a D-instanton. So to proceed, let us make the following 
ansatz: 

3i 

F 2 = 2k J + F , F A = —R 3 e 4 -iaJA* 4 F, H = , (22) 

8 

with a a constant parameter, and F a 2-form in AdS 4 . The extra terms in F 2 and 
F 4 can be thought to be sourced by a DO-brane and D2-brane, respectively. 
Setting H = 0, the field equations (20) now read 

dF 4 = , d * F 4 = , dF 2 = 0, d * F 2 = , 

= d * (e'^H) = -F 2 A *F 4 + -F 4 A F 4 . (23) 

As we will discuss in the following, the extra terms in our ansatz (22) will have no 
backreaction on the metric so that the background dilaton continues to satisfy the 



3 We have explicitly checked for the factor of 2 in F 2 . 
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field equations. If we choose F to be a self-dual 2- form in AdS 4 , the field equations 
of F 2 and F 4 are obviously satisfied. What about the last equation in (23)? Let us 
expand the right hand side of this equation: 4 



-F 2 A *F 4 + -F 4 A F 4 
/Si 



= -(2k J + F) A* (^ 3 e4 - ia J A * 4 F^j 
= -(2A;J + F)A ■ 



F A FAJ 



= iatTFAr 



iR e 



k 



-FAJ 4 + 



2k 
iaR 3 
~2k~ 



J A F 



FAFAJ 



ia 



F A FAJ' 



ia 



F A FAJ 1 



Hence, for (24) to vanish we must have 



a 



If 
k 



(24) 



(25) 



It is interesting to note that the indices of F and JAF do not contract with those 
of the background fields. So in discussing the energy-momentum tensors, we need 
only to be concerned with the contributions of the these terms. Further, with F a 
self-dual 2-form the energy-momentum tensor along AdS 4 vanishes. Let v, . . . and 
a,(3, . . . indicate the tangent indices on AdS 4 and CP 3 , respectively, then we have 



rpF2 



1 



[IV 



2 • 2! 

as F is self-dual. For F 4 we have 

1 a 2 k 2 



2F F p 

Zjl PP 1 v 



^9pvFrtpF T]p 



= 



(26) 



rpFi 
[IV 



4 • SF^pF^ - - -Gg^F^F^ 



2-4! R 6 

~ [AF W F/ - g»„F vp F™\ 2J a ^ = . 



(27) 



If we use the complex coordinate on CP 3 , for the energy-momentum tensor of 
F 2 along CP 3 we have 

T F l = -lULg-F F l»> 



a/3 



8 k 



(28) 



whereas, for F 4 it reads 



T 



Fa, 



1 a 2 k 
2-4! R 3 
1R 3 

T 



4 • 3F F MP 7 - 7- 7 

^ u± pp 1 u a r y u p 2 



6g^F vp F^j' 



(29) 



*Note that e 4 = vol(AdS 4 ) , vol(CP 3 ) 



|i J A J A J 



i J A J = \ J 2 , and 
3. We use * 4 and * 6 to indicate the Hodge 
star operation with respect to the metrics of AdS 4 and CP 3 , respectively. 



J A J 3 = . Also we have J a ^J^ 
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Therefore we conclude that 

Til + T* = • (30) 

So we have showed that with ansatz (22) the energy-momentum tensor of D0-D2 
brane configuration vanishes and there will be no backreaction on the background 
metric, i.e., the Einstein equations are the same as before. This is analogous to the 
D-instanton construction in type IIB supergravity. For type IIB D-instantons, the 
energy-momentum tensors of dilaton and axion cancel against each other so that 
there is no backreaction on the metric. In the type IIA case, we observe a similar 
cancellation between the energy momentum tensors of DO and D2 branes as implied 
by (30). 

In conclusion, we have obtained an exact solution of the form 
R 3 1 

ds = -j^(^ds AdS4 + ds cpi ) , 

e 2 ^ = ^ , F 2 = 2k J + F , F 4 = jR 3 e 4 - ^ J A * 4 F , (31) 

with all other form fields set to zero, and F the self-dual gauge field strength con- 
structed in Sec. 2. Note that the dilaton has its original value of e 2< ^ = R 3 /k 3 . 



4 Uplift to lid Supergravity Solutions 

The U(l) instanton that we found in Sec. 2, can further be uplifted to an exact 
solution in lid supergravity. Fortunately, the consistent truncation of lid super- 
gravity to four dimensions of [8] makes this uplift much simpler, and in fact it is 
more general than our discussion in the previous section as it involves more general 
metrics. 

To begin with, consider the following ansatz for the metric of lid supergravity 

ds 2 = ds\ + e 2U ds 2 KE6 + e 2V (r] + A ± ) <g> (rj + A) , (32) 

where ds 2 is an arbitrary metric on a 4d spacetime, and ds 2 KEf . is the metric of a 6d 
Kahler-Einstein space. U and V are scalar fields and Ai is a one-form defined on 
the four-dimensional space. If we set U — V — A\ — 0, then the the last two factors 
of the metric constitute the Sasaki-Einstein metric 

ds 2 SEr = ds 2 KE( . + 7] ® ri , (33) 

where 77 is the globally defined one-form dual to the Reeb Killing vector. On a 
Sasaki-Einstein manifold one can globally define a 2-form J and a holomorphic 3- 
form so that 

dr] = 2J, dVt = Air] Ail . (34) 
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The 4-form F 4 is taken to be 

F 4 = /vol 4 + H 3 A(r) + Ay) + H 2 AJ + HxAJA(r) + Ax) 

+ 2h JAJ + V3 [xiAQ + x(v + Ax) Ail + c.c] , (35) 

where / and ft, are real scalars, if p , p = 1,2,3, are real p-forms, Xi is a complex 
one-form, and x is a complex scalar on the four-dimensional spacetime. With the 
ansatzs (32) and (35), the 11-dimensional supergravity field equations all reduce 
to 4-dimensional equations, so that any solution to the reduced equations can be 
lifted to an 11-dimensional supergravity solution. These 4-dimensional equations 
are given in [8]. 

Now, one can further consistently truncate by setting U = V = h = x = H 3 = 
Hx = 0. Equations (B.9) to (B.ll) of [8], when adapted to Euclidean signature, 
reduce to 

-fF + Q* 4 H = 0, 
d * 4 H = , 

* 4 HAF + iHAH = , (36) 

with F = dAx, H = H 2 , and dH = 0. Equations (B.19), (B.20), and (B.22) reduce 
to 

113 1 

= ^9tiuf + -F W F U P + -(HppHjf - -g tll/ H p(7 H pa ) , 

d * 4 F = , 

F^ + H^H^^O. (37) 

The last eqs. of (36) and (37) are satisfied if we set 

H = i* 4 F, (38) 

from which d * 4 H = and d * 4 F = are followed by the Bianchi identities for F 
and H 2 , respectively. The first equation in (36) then implies / = 6i. We are then 
left with the first equation in (37): 

13 1 
R/j-u = -12gv + -F^F/ + -(H W H U P - -g^H pa H pa ) 

= -12g^ + 2(Fp,pF/-^gp, u Fp tT Fn, (39) 
where we have used 

R w H v p = F w F v p - \ gilv F p(T F p ° , (40) 

implied by (38). 

As a final step, let us set 

F = * 4 F, (41) 
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for which the second term in (39) (i.e., the energy-momentum tensor of F) vanishes, 
and hence equation (39) is solved when the metric is that of Euclidean AdS 4 . So, 
in summary, we arrive at the following exact lid supergravity solution: 




(42) 



together with the 4-form F A as 




e 4 + iFAJ , 



(43) 



with F = dAi, the self-dual gauge field strength explicitly constructed in Sec. 2. 

5 Conclusions 

In this paper we constructed the first examples of exact D-instanton solutions in 
type IIA supergravity as well as M-theory. The construction crucially depended on 
the existence of U(l) instantons on AdS^. This motivated us to reexamine such 
configurations in Sec. 2. Our ansatzs included form fields for which the energy- 
momentum tensors were vanishing along the AdS± factor, whereas they added up 
to zero in the orthogonal direction. As a result, the background metric was left 
unchanged. As in the case of D-instantons in type IIB theory, the solutions provide 
the necessary tools for a nonperturbative study of the type IIA supergravity and 
M-theory. Further, it is interesting to study them in the context of AdS/CFT 
correspondence. This requires a construction of dual instanton configurations on 
the boundary theory so that one can investigate the nonperturbative effects on both 
sides of the duality. 
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